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Abstract 

We study refined B-model via the beta ensemble of matrix models. Especially, 
for four dimensional N = 2 SU (2) supersymmetric gauge theories with Nf = 0, 1 
and 2 fundamental flavors, we discuss the correspondence between deformed disk 
amplitudes on each Seiberg-Witten curve and the Nekrasov-Shatashvili limit of the 
corresponding irregular one point block of a degenerate operator via the AGT cor- 
respondence. We also discuss the relation between deformed annulus amplitudes 
and the irregular two point block of the degenerate operator, and check a desired 
agreement for Nf = and 1 cases. 
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1 Introduction 



The AGT correspondence between four dimensional M = 2 supersymmetric gauge theory 
and two dimensional conformal field theory gives us several new insights into both the- 
ories. This correspondence was originally found, or conjectured by Alday, Gaiotto and 
Tachikawa in 2009 pQ as 577(2) superconformal quiver gauge theory in the Omega back- 
ground / Liouville field theory (Virasoro algebra) correspondence by compactifying the 
six dimensional A\ (2,0) theory on a Riemann surface with punctures |2] . The Omega 
background has two deformation parameters e% and e 2 which generate the rotation of 
M 4 ~ C 2 3 (z 1 ,z 2 ) (see also [I]): 

(z 1 ,z 2 )^(e i ^z h e ie2 z 2 ). (1.1) 

After that, various extensions and generalizations have been discussed. For instance, 

• The extension to SU(N) superconformal quiver gauge theory / A N _i Toda field the- 
ory (PVjv-i-algebra) correspondence [5], and the generalization to the non-conformal 
cases by decoupling the flavors [61 |8]. We correctively call these correspondences 
'AGT correspondence" . 

• The extension to a half BPS "simple type" surface operator which brakes the gauge 
symmetry as SU(N) to SU(N — 1) x U(l) / a degenerate operator in Toda field 
theory correspondence [HI EH EEE]- This correspondence is called 'AGGTV corre- 
spondence" . 

In [12], Dijkgraaf and Vafa explained the AGT correspondence by topological B-model / 
matrix model correspondence, and by free field representation of the matrix model. In 
this paper, we only concentrate on SU (2) cases. Although the corresponding Penner type 
matrix model which has logarithmic potential plays an important role in their explanation, 
in section 2 we consider the beta ensemble of matrix models with a polynomial potential 
V(z) for avoiding some subtleties: 

i r N 

When = 1, this model reduces to the hermitian one-matrix model. From this model, 
one can obtain "refined" topological recursion (12. 5p as the loop equation [131 EH US] which 
reduces to the Eynard-Orantin recursion [16] in — 1 case. 

In [T2] , they also proposed a refinement of topological strings by the beta deformation 
of matrix models. After forgetting the matrix model origin of the "refined" topological 
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recursion, we utilize this recursion as the refinement of topological B-model on the Seiberg- 
Witten curve of Gaiotto form [TJ |B] . And then we study the relation between refined open 
topological string free energy (amplitude) and chiral block with a degenerate operator 
$12 corresponding to the "simple type" surface operator. This work is a refined version 
of the B side computation discussed in [TDJ, [TTj for SU{2) cases[j] 

In section 3, we study an operator in the beta ensemble corresponding to the degenerate 
operator on the CFT side as [18], and formally discuss a relation between its correlator and 
"deformed free energy" with a deformation index i obtained from the "refined" topological 
recursion. Especially, by taking the Nekrasov-Shatashvili (NS) limit 62—7-0 [TH], we 
obtain the simple relation ( 13. lip which claims that the NS limit of the m point block of 
the degenerate operator equals to the summation of deformed disk amplitudes on Seiberg- 
Witten curve obtained from the "refined" topological recursion^] By direct computation 
of the deformed disk amplitudes, in section 4, we check the relation for SU(2) theories 
with Nf = 0, 1 and 2 fundamental flavors. In section 5, we discuss the deformed annulus 
amplitudes, and obtain the expected relation ( 15. 5 p to the two point block of the degenerate 
operator, by taking the ambiguity independent parts on both sides. For SU(2) theories 
with Nf = and 1 fundamental flavor, we check this relation only up to I = 1. Section 
6 is devoted to the conclusion of this paper, and a future direction. In appendix A, we 
summarize the computation on the CFT side [17]. In appendix B, we discuss that the 
Bergman kernel which defines the annulus amplitude on genus one Seiberg-Witten curve 
can be written as a functional of the period of the curve. Appendix C is the summary of 
some detailed computation on the B-model side in section 4 and 5. 

2 Topological recursion of the beta ensemble 

In this section, we summarize the beta ensemble of matrix models defined by (11.21) and 
its topological recursion. The connected correlator of the "trace" type operator, 



1 A £7(1) case which has the dual description by the Penner type matrix model was discussed in [15] . 
2 In [TS], it was proposed that the NS limit gives the quantization of the classical integrable system 

/ Seiberg-Witten theory [501 HI] with the "Planck constant" h — t\. In [35], it was also proposed that 

under this limit, the Nekrasov partition function is constructed from the Bohr-Sommerfeld period. These 

proposals were further studied in[23[Ml[23ll[ia[271[2a[ia^ TheNS 

limit has been also discussed from the viewpoint of refined topological strings [351 132] • 




(2.1) 
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can be expanded under g s — > 0, N — > oo, and fixed g s N as 

W h (p 1 ,...,p h )=Y,sT M+t 'l'W { t h \p 1 ,...,p kh 7 =^--L. (2.2) 



On topological string theory side, g and h are interpreted as "genus" and "boundary" 
of the world sheet respectively, and in this beta ensemble one has new index t. In the 
P — 1 case, the perturbative correlators (pi, . . . , p/J vanish, and we call these quan- 

tities "deformed correlators" with the deformation index I. It is well known that the 
(undeformed) disk and annulus correlators are given by jlOl EJ 02J H3] , 



Wr\ P ) = <f £^\Mndp=: V(p)dp-y(p)dp, (2.3) 
Wr\ P uPi)=B( Pl , P2 )- T ^%. (2.4) 

(Pi - P2) 2 

The counterclockwise cycle A = IJ!=i ^ * s surrounding the compact support C of the 
eigenvalue density p(z) = limjv^oo jj J2iLi $( z ~ z i) m (H -2p ■ This support is divided into 
s branch cuts C = U* =1 C\ of the spectral curve y(p) = M(p)y^a(p) defined by (12. 3p . When 
the potential V(z) is a polynomial, we see that M(p) is a rational function, and a(p) = 
p2s-i _)_... ( or _)_... j s a polynomial. B( P i, P 2) is the Bergman kernel on the spectral 
curve. The other correlators W^' h) (p H ) = W^' h) (p H ) for (g,h,£) ^ (0, 1, 0), (0, 2, 0) are 
obtained from the "refined" topological recursion [T5| [T3| [Tj 



J a 2m y(q)<k I 

fc=0 n=0 0=JCH ^ ^ 

W (0,1) (P) = 0, ^o ( °' 2) (Pi,P 2 ) = 5(Pi,P 2 )-^^ F , |^0 (0,1, (P) = |W'0 (0 ' 1) (P), 

(2.5) 

where /f = {1, 2, . . . , /i} D J = i 2 , . . . , ij}, H\J = {ij+i, ij+2, • • • , ih}- When = 1, 
the last term of this recursion vanishes, and then this reduces to the Eynard-Orantin 
recursion [HJ IHJ 03] . The third type differential dE q (p) is given as [43J, 



dE q {p) 



— -^C^L^dp, CM) = ^~J - (2.6) 



2V^(P) V P 

If g is contained in the cycle Ai, then Cj(g) must be replaced with C[ eg (g) = Cj(g) : 



where the sign depends on the branch. Lj(p) are the (normalized) bases of the holomorphic 
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differentials on the spectral curve: 



J_ I J^ dp = 6 L l (p) = 2w~ 1 > < = l,...,a-l. (2.7) 
2m J A . y/affi 



In the two-cut case, the differential 



= — fJ= f— - ^ (reg) (g)W (2.J 



2/(g) 2^{p)M(q)\p- q 
is concretely written by the complete elliptic integral of the first and third kind as 



L: " Ll " 2K(fcj ' 

LC reg (q) = (g2-?3)n(ni,/c) 1_ _ (g 3 - g 2 )n(n 4 , fc) 



{q-q2){q-qz)K(k) q - q 2 ' {q- q*)(q- qa)K(k) q-qi 

.2 (qi - 92X93 - qi) „ _ (94-93X9-92) „ _ (92 - 9i)(9 - 93) 



(9i - 9s)(92 - 94) ' 1 (94 - 92X9 - 93) ' 4 (93 - 9i)(9 - 92) ' 

K(k) = f —= M n(n,fc)= T ^ (2.9) 

7o v/(l-t 2 )(l-A; 2 t 2 ) Jo (l-nt 2 ) v /(l-t 2 )(l-Pt 2 ) 

where 91 < 92 < 93 < 94 are the branch points on the spectral curve. The differential (12.81) 
is defined by C reg (g) (C(q)) for q inside (outside) the cycle A\ around the cut C\ = [qi, q 2 ]. 



3 The Nekrasov-Shatashvili limit of refined B-model 

Here, we discuss the NS limit of the beta ensemble (11.21) . We consider the theory which is 
defined by the topological recursion (12. 5p on spectral curve as refined topological B-model 
on spectral curve. 

To discuss the NS limit of the beta ensemble, let us introduce the parameters 

ei = ~VP9s, £2 = -jx. (3.1) 

These parameters are identified with the Omega background parameters in (jl.ip . And 
then two types of NS limit are defined [H] : 

limit A : e 2 ->• 0, ei : finite, (g s -> 0, f3 ->■ 00), (3.2) 
limit B : e x 0, e 2 : finite, (g s -»• 0, -»• 0). (3.3) 

We now consider the two "determinant" type operators [38J, 

N 

O a (p):=e^ v{p) l[(p-z^, a = 1,2. (3.4) 

i=i 
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By using the free chiral boson representation for the beta ensemble [161 H7J [T8j [38] : 

1 N 

HP) = -V(p) - 9 - $>g(P - (3.5) 

the operator O a (p) is represented as free fermion O a (p) = exp (f^0(p)), and from the 
correspondence to the B-brane in the topological B-model this operator is called "e Q - 
brane" [38] . Let us consider the m point correlator of the "e^-branes" : 

00 1 h 

(o«(pi) ■ ■■o a ( Pm )f ) - = ((^(pi) + • • ■ + ^(p m )) ft } (c) 

/l=l ' e ° 

oo 1 , m 



fc=l ii,...,i h =l 



where ^ h \pi, . . . ,ph) '■= (—^) h (4>(Pi) ' ' '4>(Ph)) ° ■ By ( 13. 5ft . one can find that the right 
hand side of (I3.6P is rewritten as 

f(v(pi)+...+y(ft„))+f;^(-fi) fc f; f 1 --- r h w h {p' iv ...,p' ih ), (3.7) 
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h=l ix,...,tfc=l' 

and then the following perturbative expansion of (13. 6ft is obtained [18] : 

= £ (-ir 1 ^^ — £ ^W.-.io, (3.8) 

7l=l,g,i=0 Q ' U,...,i fc =l 

. . . ,p h ) := • • • W^ ,h) (pi, • • • ,K) - ^(PiKAAo, (3.9) 

where S^j(p) are the expansion coefficients of the left hand side of (I3.6p . On the right 
hand side of (13. 8p . we have used the expansion (12. 2p . and defined the perturbative free 
energies (pi, ■ ■ ■ ,Ph) by ( 13. 9p . By this definition, by absorbing the potential term 
V(p) of (12.31) we redefine the disk correlator as [T5] . 

m — ► W^\p) = -y{p)dp. (3.10) 

Actually if V"(p) is an analytic function inside A, the higher order correlators are not 
changed under this redefinition as seen from the recursion ( 12. 5p . 

Let us consider the "ei, (or e2)-brane", and by taking the limit A (13. 2p . (or the limit 
B ( 13. 3p ). we obtain the relation: 

m 

sgicpi, ..., Pm ) = s™( P1 , ..., Pm ) = (-ly+'^^iPi) (3.H) 

t=i 



as the coefficients of e[ 1 , (or e 2 1 )- From this relation, we see that under the NS limit, 
the m point correlator of the "e a -brane" is factorized into the one point correlators: 

m m 

5 S(Pl> • • • > Pm) = S^/pt, ...,p m )=Y^ SvJfliPi) = Yl S 2fiAPi)- ( 3 - 12 ) 

i=l i=l 

In the next section, we compute the right hand side of (13. lip . By the recursion (12.51) and 
the redefinition (13.101) . the £-th order deformed disk correlator Wj^l (p) = Wj>l (p) is 
obtained from the planar "refined" topological recursion: 



wr\p) 



W/ ° (0 ' 1)(P) = ' ^ W o (W) (p) = ^W ((W) (p), ^(p) = -!/(?>)*■ (3-13) 

4 Deformed disk amplitudes 

In this section, we check the relation (13.111) for m = 1 case. For the direct check we 
consider the SU(2) gauge theory with the Nf = 0, 1 and 2 fundamental flavors. And 
then, via free field realization of the beta ensemble (II. 2ft . the two "determinant" type 
operators (13.41) correspond to the degenerate primary operators $1,2 with the Liouville 
momentum — sr, and $2,1 with the Liouville momentum — | in the Liouville CFT [T8| 138]: 

01 (p) <— > $1,2 (p), 2 (p) <— )> $2,1 (P). (4.1) 

Using this correspondence, we compute the left hand side in the relation (13.111) as the 
perturbative expansion of the correlation function of the degenerate operator $1,2- By 
taking the appropriate CFT vacuum \G(a)) [6] corresponding to each SU(2) gauge theory 
with the Coulomb moduli parameter a via the AGT correspondence, we consider the 
perturbative expansion of the chiral one point block: 



(G(a-M^ 2 (p)\G(a + M 



00 



(G(a)|G(a)) ^ £1 J 

where after introducing the mass scale g s on the CFT side as the scaling a — > a/g s , we 
have introduced the parameters 

£1 = bg s , e 2 = y. (4.3) 

For the charge conservation, the momentum a of the left hand side in (14.21) is shifted. 
These parameters correspond to (13. ip introduced on the matrix model side, and then the 
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free energies Q^{p) correspond to S{^j(p). In this correspondence, we have identified 
parameters as E\ = ei and 82 = 62. Therefore, one can expect the relation: 



m-r(o,i). 



(4.4) 



Note that the left hand side of this relation gives us the momentum shift invariant solutions 
in (14.21) . The computations on these CFT side are summarized in appendix A. 
The "disk" part of the relation (Oj) : 



&p) = -4°' 1 \p) = fy(p'W 



(4.5) 



is generally proved on the CFT side [5]. Note that for the cases of Nf = and 1, the 
matrix model, or beta ensemble realizations as (II. 2p are not known, but we can consider 
the refined B- model on each corresponding Seiberg-Witten curve by the recursion ()2.5p Fl 
In case that the spectral curve y(p) = M(p)y / 'a(p) has two cuts C\ = [91,92] an d 
^2 = [93,94], using (12. 8p . from the planar recursion ( 13.1 3p . the first order deformed disk 
correlator W^ ' 1 ^^) is given by [TB] . 

wr\p) = w?f{p) + w^\p\ 
r(o,i)/_\ . d P I y'(q)dq 



wi%\p). 



47ri v /<r(p) j a (q - p) m (q) 

dp 

A-Ki^a(p) 



LC^(q) + f LC(q) 
Ai J Ai 



y'{q)dg 

M(q) ' 



(4.6) 



where A\ and A2 are the cycles surrounding the cuts C\ and C2 respectively. In this 
section, we check the relation (I4.4j) up to the second order deformed disk correlator 



wr\p) - 

w^\p), 



dp f 1 



'(0,1), 



Aui^a(p) J A (9 - p)M(q)dq 
dp 



W^iqf + dq^-Wr'iq) 



d 



(0,1), 



LC^(q) + f LC(q) 
Ai J A2 



M(q)dq 



W{ ' l \qf + dq^-Wr\q) 



d 



(0,1)/ 



dq 



(4.7) 



The detailed computations are summarized in appendix C. 



3 In [2H], the Penner type matrix models corresponding to the SU(2) gauge theories with Nf = 2 and 
3 fundamental flavors were given by decoupling the flavors of the Penner type matrix model for Nf = 4 
fundamental flavors proposed in |12j. 
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4.1 N f = case 

For the pure SU(2) case with the quantum Coulomb moduli parameter u, and the dy- 
namical scale parameter A, the Seiberg-Witten curve is given by [6], 

A 

P 2 

The branch points of this curve are 



y(p) = M(p)y^pj, a(p) = -p(p 2 - ^p + l), M(p) = A (4.* 



it — \fv? — 4A 4 u + y/u 2 - 4A 4 _! 
Qi = °> ?2 = ' gs = 2A2 = ?2 ' ?4 = 00 ' ^ 

By computing the period of this curve, 

da(u) {dp dy(p) i I* d^ = 1 fc2 = fe-ft 



du J Al 2ici du 2k A y gi TrA^ - q 1 

one obtains the weak coupling expansion of the quantum modulus u, 

u(a) = a 2 + —A 4 + -^-A 8 + 9 A 12 + 1469 A 16 + 4471 A 20 + £>(A 24 ) (4 11) 

U{a) a + 2q2 A + + + gl92al4 A + 163g4al8 A +U{A).{4.LL) 

By computing the disk amplitude F^'^ip), we have directly checked that this coincides 
with —Gqo(p) computed in (1A.7j) up to A 12 [17], and then the relation (I4.5p surely holds. 
Next, let us compute the first order deformed disk amplitude J~i (p) by (14.61) . As 
discussed in appendix C.l, we can show W^°g\p) = 0, and then 

jf 1} (p) = f WfV) = -\ J" ^dp' = -\ log y(p) + c (4.12) 

is obtained. By taking c = | log a, we have checked that this result coincides with G\l(p) 
computed in ( 1A.8I) up to A 12 . The second order deformed disk amplitude JF^ (p) is also 
computed by (14.71) . 



72 {P) -J \2y(p>W 2^W\1 A {q) + L LC{q) \2niM( q )d q l> 

V}°'%) := Wr\p) 2 + dp±W™(p), Wr\p) = -pf\dp, (4.13) 

dp 2y{p) 

and we have checked that this coincides with —Q^oip) computed in (1A.9j) up to A 12 . 
4.2 Nf = 1 case 

The Seiberg-Witten curve for the 577(2) gauge theory with one fundamental matter of 
mass m is [6], 

2m n u \ , s A 



(o,i). 



y(p) = M(p)v^(p), <r(p) = p(p 3 + — p 2 + — p - 1), M(p) = ^. (4.14) 
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The branch points of this curve are perturbatively obtained as 

m ± y/m 2 — u A 2 / » A 2 OT( , 

?i,2 = ^ + ^TTT r + ^(A 5 ), g 3 = 0, g 4 = - + (9(A 5 ), 

(4.15) 

where for the double signs, qi takes the plus signs, and q 2 takes the minus signs. Because 
qi and q 2 are expanded around oo, we need to take the cycle A\ as containing the point 
at infinity. By the period computation 

d -^ = 1 K(k), e=^- q ^~ qi l (4.16) 

du nA v /{q 1 - q 3 ){q 2 - q 4 ) ~ ftOfe - q±) 

one obtains 

u{a) = a 2 - ^A 3 - 3a2 ~ 6 5m2 A 6 + 0(A 9 ). (4.17) 



As in the pure case, by comparing with (IA.22j) - flA. 24|) . we have checked the expected 



relation f !4.4j) for i = 0, 1 and 2 up to A 6 . Especially wf^\p) = is proved in appendix 
C.I, and we checked the same relation to the Nf = case: 

SSM^rM—ilog^. (4.18) 

4.3 Nf = 2 case 

Finally we consider the SU(2) gauge theory with two ( ant i-) fundamental matters of masses 
mi and m 2 . The Seiberg-Witten curve is given by [S] J3 

yip) = M(p) v^(p), (rip) = p 4 + + ^p 2 + ^ P + 1, M(p) = A (4.19) 

The branch points of this curve are 



m 2 ± - « . mi(m 2 ± ~ M ) A , /o/a3 

gi ' 2 " A + 2 TO2 (l- m ^( M -2^)^- M +0( 



g3,4 = - "^ V " tl "" A + 0(A 3 ), (4.20) 



mi ± yjm\ — u 
u 

where for the double signs, q\ and q 3 take the plus signs, and q 2 and g 4 take the minus 
signs. Note that as the Nf — 1 case, because qi and q 2 [q 3 and g 4 ) are expanded around 
oo (0), we need to take the cycles A\ and A 2 as containing oo and respectively. The 
computation of the Arperiod gives us 

u(a) = a 2 + ^A 2 + 5^m 2 -3(m 2 + m 2 )a 2 + ^ A4 + 



In this case, by comparing with (1A.35|) - (1A.37|) . we have also checked the expected relation 
(14.4p for £ = 0, 1 and 2 up to A 4 , where as same as the Nf = and 1 cases, W^^Qo) = 
is proved in appendix C.I, and we checked the relation (14.181) . 



*The genus one amplitude J 7 ^ on this curve was discussed in |49j . 
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5 Deformed annulus amplitudes 



Here we discuss the deformed annulus amplitudes on Seiberg-Witten curve for SU(2) 
gauge theory. For the m point correlator of the "ei-branes" , by comparing the coefficients 
of e{ 1 e 2 in (I3.8p . one obtains 

-. m m m 

s^m, . . ., Pm ) = (-i) e+1 (l £ Jf'Wi) - (' + 1) E^mfe) + E^-i ^))- 

i,j=l i=l 1=1 

(5.1) 

We now consider the case of m = 2, and as in section 4, let us identify «S-[^ .(pi,p 2 ) with 
G\J\Pi,p 2 ) defined by the perturbative expansion of the chiral two point block: 



'h3 

oo 



, (G(a-i- t )\<Zi:M)*M\G(a + i)) _. ^ W 
l0g (G(«)|G(«» ' ' (5 ) 

As discussed in appendix A, we can check the factorization property (13.121) : Q\ G '(pi,p 2 ) = 
^io(Pi) + G^ofa)- Because the free energies Gfl(pi,p 2 ) depend on the momentum shift 

""'(2) 

of in- and out-states, we need to take the shift invariant free energies G\i\P\iP 2 ) by 
considering the invariant parts under the shift 

^?(pi,p 2 ) + c^^>i,p 2 ) = Q$( P x,p 2 ) + <^(f?$(Pi) + 0$(Pa))- (5-3) 

For the cases in appendix A, we see that the free energies Gii(pi,p 2 ) have the expansion: 

$>i,P 2 )= £ OW + 4?o } , (5-4) 

by neglecting the singular term at pi = p 2 . And then by ( 15. ip . we obtain the relation: 

§g(p llPa ) - a$> = (-l) m ^ ( °' 2) (Pi,P 2 ), (5.5) 

where on the right hand side, we have only considered the "universal terms" which do 
not depend on the constants of integration in (13. 9p . 

In the genus one with two sheeted cases, the Bergman kernel is given by the Akemann 
formula [42] by the complete elliptic integral of the first and second kind with the modulus 
k 2 defined in ( 12~9|) : 



, >, dp x dp 2 

B{Pl,P2> 



2(pi -p 2 ) 



fipuP^) + G{k){p l -p 2 
y / a(p 1 )a(p 2 ) 



i2 



1 



(5.6) 



s s s 

/(Pi,J> 2 ) =p\p\ - yPiP 2 (Pi +P2) + y(p? + ^PiP 2 +p\) ~ y(pi +P 2 ) + S 4 , 

G(k) = ~S 2 + \{qiq 2 + g 3 g 4 ) - -^M\{qi - <?s)(g 2 - g 4 ), E(k) = [ dtJ 1 ~ ' 



6 ' 2 V ^ Z mj 2K(k)^ ^ yv ^ y ' J V l-t 2 
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where Sd are the degree d elementary symmetric polynomials of the branch points qi 
obtained from f(p,p) = a(p) = Ylt=i(P ~~ 

From the recursion (12.51) . the first order deformed annulus amplitude J r i°' 2 \pi,P2) = 
jpi FwjMfaA) is given by 

<' 2) (pi,p 2 ) = wi°f( Pl , P2 ) + wi% 2 \ Pl ,p 2 ), 

(o,^ , dpi / vr\ q , P i) 



<A%UP.) =-— ^==J 



Ani^a (pi) JU (9 - Pi)M(q)dq 
W^\p 1 ,p 2 ):=-—^==\ ( f LC^q) + l LC( q )^' 2)M 



Ani^/o{p x ) \-J Al Ja 2 J M(g)dg 

^(^2) := \2Wr\ Pl ) + d Pl Al _ ^ 1 . (5.7) 

L dp 1 i L 2(pi -p 2 ) 2 -l 

In the following, for iV/ = and 1 cases, we check the relation (15.51) up to I = 1 by taking 
the "universal terms" on the right hand side. 

For Nf = case (14.81) . the annulus amplitude is obtained as computed in [T7|. In this 
computation, because the Seiberg-Witten curve (14. 8p has cubic form a{p) = —p 3 + S 2 p 2 — 
Ssp + S4, we need to replace f(pi,p 2 ) and G(k) in the formula (15. 6p with 

— IS S 

/(Pi,P2) = -gPiPaCpi +P2) + y(p? + 4pip 2 +P2) - y(Pi +P2) + S4, ( 5 - 8 ) 

G (A; = --5 2 + -g 3 - ttttttt <?s - 9i ), fc= • 5.9 

6 2 2K[k) q 3 - gi 

By comparing this result with (1A.15I) . we have checked the relation (15 ,5p for i = up to 
A 8 [17]. By (15. 7p . the first order deformed annulus amplitude J r i°' 2 \pi,p 2 ) can be also 
computed, and by comparing with (IA.16p . we have checked the relation (15. 5 j) for £ = 1 
up to A 8 . 

For Nf — 1 case (I4.14p . as above, the (deformed) annulus amplitudes J r o°' 2 \pi,p 2 ) and 
J~i ( P i,p 2 ) are also computed, and by comparing these results with (1A.29|) and (IA.30I) 
respectively, we have checked the relation (15. 5p up to A 4 J^| 

As discussed in this section, for the higher deformed planar topological open string 
amplitudes, by comparing the coefficients of e^e^" 1 in (13. 8p . and taking the "universal 
terms" as in (15.51) . we can also expect more general relation: 

dif_ 1 (pi,..., Pm )-4 t t 1) = (-^ +1 E ^W..,lO, l<h<m, 

l<ii<---<ih<m 

(5.10) 

to the expansion of the chiral m point block defined as (15.21) and (15. 4p . 



3 For I = 0, it was checked in fT7l 
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6 Conclusion and future direction 



In this paper, we have studied a refinement of topological B-model via beta ensemble 
of matrix models. Especially, we confirmed the agreement between the deformed planar 
open B-model amplitudes on Seiberg- Witten curve and chiral blocks with the degenerate 
operator $ 12 for some 577(2) cases which was inspired from the AGT correspondence. 
Although there are some ambiguities on both theories: ambiguities of the constants of 
integration (13. 9 p on the B-model side, and ambiguities of the momentum sift of in- and 
out-states for the charge conservation on the CFT side, by taking the independent parts 
of these ambiguities, we checked the correspondence of the deformed disk and annulus 
amplitudes to the computation on the CFT side. 

As a future direction of this work, it is interesting to study refinement of topolog- 
ical B-model on Calabi-Yau threefold. By geometric engineering [50] , one obtains the 
correspondence between the topological A-model partition function on some local toric 
Calabi-Yau threefolds with A^-i singularity and the five dimensional (K-theoretic) ver- 
sion of the Nekrasov partition function with the self-dual condition e\ + e 2 = in 
This was confirmed in [STJ [521 E3J EU [55] by the topological vertex [55] • Using the refined 
topological vertex proposed in [57] and [SB], the extension to general Omega background 
was also discussed [S7J [5_B1 EH [60] E In [63], open string version of geometric engineer- 
ing was proposed. By this proposal, the "simple type" surface operator is embedded to 
topological open string theory on some local toric Calabi-Yau threefolds with toric brane 
[TUj [TT| H7J. To consider refinement on the B-model side, matrix model formulation 
is an important stepj^l In [70], for the unrefined A-model on the local toric Calabi-Yau 
threefold which is the large N dual [7T] of the U (N) Chern-Simons gauge theory on the 
lens space 5 3 /Z p , the Chern-Simons matrix model which has the unitary measure 

A g (,):=n2sinh^ (6.1) 

i<j 

instead of the hermitian measure A(#) in ( \l.2h was derived. By the proposal in [721115], it 
was conjectured that from the Eynard-Orantin recursion [16J, one can compute not only 
the correlation functions with a Wilson loop in the U(N) Chern-Simons gauge theory on 
5 3 /Z p , but also the unrefined open A-model amplitudes on arbitrary local toric Calabi- 
Yau threefold with toric brane. In [T5J, for refining this proposal, as a simple guess, it 

6 In this correspondence, ei = —62 = g s gives us the topological string coupling constant. On the 

matrix model side, as seen from (|3.1[) . the self-dual condition corresponds to /3 = 1. 

7 Several world sheet interpretations of refined topological strings are discussed in [6"T1 |6"21 159"] . 

8 In [551 ESI EH ISH] > other approaches to the refined B-model are discussed by generalizing the holo- 
morphic anomaly equation [681 [69] . 
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was considered a beta deformed Chern-Simons matrix model: 

N 



A!(2vr) 



N 



[ T7^|A^)| 2 V^=^ (6.2) 

Jr i=1 



corresponding to the unrefined A-model on the resolved conifold if /3 = 1. They checked 
the coincidence between the first deformed disk correlator W[ (p) obtained from the 
recursion (12.51) and a direct perturbative computation. But they also found disagreement 
with the open refined computation on the A-model side. Therefore we need to reformulate 
the recursion (12.51) for obtaining the refined B-model which becomes the mirror dual of the 
refined A-model, or which gives the K-theoretic version of the Nekrasov partition function 
in the general Omega background. In [73], it was proposed a refined Chern-Simons matrix 
model with the coupling constant dependent measure 

/8-1 

A q>t (z) := ] | Y[(q m/2 e {z ^ )/2 - g -"»/ 2 e -(*-*jV 2 ), q = e 9* ? ( 63 ) 

m=0 i<j 

which agrees with the open refined A-model computation. It may be important to study 
the structure of this matrix model for formulating refined B-model ^| It is also interesting 
to approach the problem from the viewpoint of five dimensional version of the AGT 
correspondence [75" | [TBI 177] . 

Acknowledgements: I would like to thank Hidetoshi Awata, Hiroyuki Fuji, Hiroaki 
Kanno and Yasuhiko Yamada for the collaboration [IT] and discussions at the initial 
stage of this work. 

A Computation on the CFT side 

In this appendix, we summarize the computation on the CFT side corresponding to the 
SU(2) gauge theories with Nf = 0, 1 and 2 fundamental flavors [TTj . 

A.l Nf = case 

The corresponding CFT vacuum state |A Q , A) which is called the Gaiotto state is defined 

by m, 

£i|A a ,A) =A 2 |A a ,A), L 2 |A a ,A) = 0, (A.l) 



3 See also [71] for recent developments of the beta deformation related to this topic. 
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where this state is the coherent state of the Virasoro descendant states with the conformal 
dimension A a = A(a) = (6 + 6 _1 ) 2 /4 — a 2 . The norm of this state coincides with the 
Nekrasov partition function [6j[78], and this state is concretely written as [7J, 

|A a ,A) = ^A 2 l y lQ A 1 (ll y l ; r)|A a ,r), \A a ,Y) = L n J i ...L n _%L n _\\A a ), (A.2) 

Y 

in terms of the Shapovalov matrix Q&{Y\ Y'), (\Y\ = \Y'\) labeled by the Young diagram 

Y — (£ n e 2™ 2 l ni ) 

We now consider the one point block of the degenerate primary operator $12 with the 
conformal dimension = — | — 

tf«(p,a, A) := (A_, A|$i )2 (p)|A + ,A), A ± := A(a± 1), (A.3) 

where for the charge conservation, we need to shift the momentums of in- and out-states. 

By using the null state condition {b 2 L 2 _ l + L^2)^i,2{p) = 0, one obtains the differential 
equation for *W(p,a,A) = p A — A +~ h ^Y «(p, a, A) [75], 

o|) 2 + 2a6 4 + a2 ( p + I) + 1 m] r (i) (p ' a ' a) = °- (a - 4) 

For comparing with the B- model side, after scaling a — > a/g s , A — > A/g s , we intro- 
duce the parameters e\ and £2 by (14. 3p . And then a series solution Y^(p,a,A) = 
1 + Yl™=i A 2n Yn\p, a) to the above differential equation is obtained: 

k= — oo \ A / 



Therefore the free energy is obtained: 



f flff g« (f)) := log j^W) = (- « + 1 + 3£i) log p + log 111 



y,1,(p ' a ' A) . (A.6) 



( , (| - 1 \ — ~~\ — '/ - ~~/ - 1 — 1 \ — U7 A I A a , A^ 

The free energies ^o(p) obtained by the NS limit £2 - give us the momentum shift 
invariant solutions in (1A.3I) . and the lower order free energies are 



figjfr) =aktp . 4zl A « _ ^I A * - <^f#ii>A« + (A'), (A.7) 
2ap lba d p z 48a a p d 



^ W = 2 l0gP+ W A + W A 

, (p 2 + l)(2p 4 + p 2 + 2) 



24a 6 p 3 



A 6 + C(A 8 ), (A.8) 



<Ari - -^A 2 - H^il A 4 - (P 2 -m0p 4 + l9p 2 + 10) 

^olPJ- 8a3p A 6 4aV 48aV + 1 J ' ( j 
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Next, let us consider the two point block of $1,2: 

^ 2 \p u a, A) := (A_, A|$ li2 (p 2 )$ 1)2 ( Pl ) |A + , A), A± := A(a ± 1). (A.10) 

As above, one can find the differential equation [T7] . 

/, d \ 2 1 d K% ( 1 \ A d 
^1^— +2a6pi— + A 2 [pi + — + 
A api/ api V p 1 / 



p 1 J 4 <9A 

)]F( 2 )fe,a,A) = 0, (A.ff) 



Pi + P2 ( d d 

Pin P2 



and the one which is exchanged pi for p 2 , where we have defined 

¥ 2 \ Pl ,a,A) =: pf «- A +- h ^pf - A «- h ^ (l - ^)^F( 2 )fe,a,A) =: f(p i )Y ( - 2 \p i , a, A). 

(A.12) 

By defining (14.31) . a series solution F^fe, a, A) = f + £^=i A 2n K (2) (p i, a) is obtained: 

j * -^n-l,fci-l,fc 2 ~j~ -^n-l,fci+l,fc 2 ~ -^n-l,fci,fc 2 -l ~ -^n-l,fci,fc 2 +l / 7 _/ 7 \ 

£i(fti - fc 2 ) (2a + (fci + fc 2 j£i) 

. _ (2a(fc + 1) + £i(k + l) 2 + ^-^^2) Ai,fc+l,fc-l ~~ Ai-l,fc+l,A + -^n-l,Jfc+2,Jfe-l 

~ ei (2afc + e 1 fc 2 + fe 2 ) ' 

(A.13) 

The free energy is 
V- 44 M2), v , ^ (2) fa^,A) 

g_ gl>1 , p2 ) :=log __ 

= ( « + I) logPlP2 + |l.og JM. + log ^W) (A.14) 

where by comparing the differential equation ( lA.llj) with (jA.4[) . we can easily find the 
relation Q^ipuPi) = £|,o (Pi) + Gifiipz) expected from (13.121) . As discussed in (I5.3p . let 
us take the shift invariant free energies Qf\{pi,P2) of the in- and out-states by neglecting 
the term — log(pi — p 2 ) in ( 1A.14j) which is singular at p\ = p 2 . For example, we get 

r(2) ( v (PlP2 ~ I) 2 A 4 (Pi +P2)(PlP2 + iKglgg -PlP2 + 1) A 6 

^o,i(Pi.P2)-- 16flVp2 A A 

10(p 2 + p 2 )(p^ + 1) + 9pip 2 (p 2 ^ - I) 2 + 32p 2 p 2 ( PlP2 - l) 2 - 4p 2 p 2 (p 2 + pi) a8 

512a 8 pfp 2 

+0(A 10 ), (A.15) 



= 32a*p lP2 A + 64a^i A 

(p 2 p 2 - 1) (69(p 2 + p 2 )(p 2 p 2 + 1) + 6l Pl p 2 (p 2 p 2 2 + 1) + 144p 2 p 2 ) 
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A 8 + C(A iU ). (A.16) 



(bp—) +(2ab + -)p— -A 2 (p 2 --)-2mAp + - — ] a, m, A) = 0. (A.19) 



A.2 Nf = 1 case 

The Gaiotto state to construct SU(2) gauge theory with one fundamental matter is given 

by m, 

L 2 \A a ,A,m) = -A 2 |A a ,A,m), L x \A a , A) = -2mA|A a , A, m), (A.17) 

where m corresponds to the mass of the fundamental matter. This state is also written 
as the coherent state of the Virasoro descendant states with the conformal dimension A a 
by the Shapovalov matrix as ( IA.2j) \J\, and the inner product (A a , A, m\ A a , A) coincides 
with the Nekrasov partition function on the gauge theory side [HI EE] • 
Here we consider the one point block as 

y {1 \p,a,m,A) := (A_, A, m\$ lj2 (p)\A + , A). (A.18) 

As in the pure case, ^^(p, a, m, A) = p A -~ A +~ hl , 2 Y^ (p, a, m, A) satisfies the differential 
equation 

,— ) +(2ab+-)p—-A 2 (p 2 -- 
opy V 6/ op V 

After scaling a — > a/g s , A — > A/g s , m — > m/g s , and introducing the parameters f !4.3p . one 
obtains a series solution (p, a, m, A) = 1 + Xl^Li h* n Yn {p, a, m): 

>{p,a,m) = > A nM p , A , fc = 5 ,fc, A njk = — — r— . 

fc r^o £ i (( 2a + ie 2 )k + e 1 k 2 + ±ne 2 ) 

(A.20) 

And then we get the free energy 

V £ -^G^(v) - loe ^ 1)(p ' a ' m ' A) fA 21) 

^ *i ^ b) - l0g (A a ,A,m|A a; A)' (A ' 21) 

where the lower order free energies Q\ 1 q (p) which are the momentum shift invariant are 

m - + «a, 2) 

(A.23) 

, mp , (4a 2 — llm 2 )p 3 + 2a 2 . 9 5m(5a 2 — 8m 2 )p 3 , o ^. , 
= + - 16?f 24g7 ,? V + (A'). (A.24) 

We also consider the two point block of $i 2 : 

¥ 2 \ Pi ,a,m,A) := (A_, A, m|$ 1)2 (p 2 )$ 1)2 (p 1 )|A + , A). (A.25) 
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The differential equations for ^/^ 2 \pi, a, m, A) = f{pi)Y^ 2 \pi 1 a 1 m 1 A) are given by [T7] . 
, 9 \ 2 ( , 1\ 5 l2 / 2 1 \ » A 9 

+ ( 2ai + 3>'^ - ( - vJ ~ 2mApi + a m 

2pi + P2 ( d d 
Pi o P^ 



< i / - 1 . j , r( 2 )fe,a,m,A) = 0, (A.26) 

and the one which is exchanged p± for £>2, where f(pi) has been defined in ( 1A.12I) . By 



introducing the parameters (14. 3p . we obtain a series solution Y^ 2 \pi, a, m, A) = 1 + 
Er=iA^ 2) fe,a,m): 

oo 

F„ (2) (pi,a,m) = ^ A nMteP k iP2\ A 0MM =5q M 5q M , 
ei(A;i - fc 2 ) (2a + + fc 2 )ei) A nMM 

= Ai-2,fci-2,fc 2 ~~ Ai-2,fci+l,fc a + 2mv4 n _i j / Cl _i i fc 2 — (&1 <H- fo), (&1 7^ ^2), 

] 

£i((2a + -e 2 )A; + £i/c 2 + -£ 2 ) A^fe 

1 n + 2 

= £l ((2a + -e 2 )(k + l)+e 1 (k + l) 2 + — — e 2 )A^fc+i,fc-i 

+Ai-2,fc-2,Jfe — •A n -2,fc-l,fc-l — Al-2,fe+l,Jfe + Ai-2,fc+2,fe-l- (A. 27) 

As same as i\T/ = case, the free energy 

2^ -t— (Pi,P2) := log . (A.28) 

is obtained, and we can check the relation }{p^Pz) = Qio(Pi) + o (P2) from the 
differential equations. The shift invariant free energies Qli(pi,P2) under the shift (15. 3p 
are 



(a 2 - m 2 )pip 2 2 m((a 2 - m 2 )pip 2 (pi + p 2 ) + 



2 



~(2), , {U -111 pip 2 2 "t^u -'»W2^1T« T« 3 

«%,iW) = ^ A — A 

2\(„2 _ n^2^3^3 1 o^4 

-A 4 + C(A 5 



2(a 2 — m 2 )(a 2 — Sm 2 )^ 2 ^ 2 ,^ 2 + P 2 .) + (a 2 — m 2 )(a 2 — 9m 2 )p^2 + 2a 4 



32a 8 p l p 2 

(A.29) 



~ (2) , , (3a 2 - 5m 2 )p!p 2 . 2 . m (7a 2 - 9m 2 )p!p 2 (pi + P2) . 3 

= 8^ A+ 8^ A 

(9a 4 — 70a 2 m 2 + 69m 4 )plpl(pl + p 2 ) + (5a 4 — 58a 2 m 2 + Qlm A )p\p\ — 5a 4 



A 4 + C(A 5 ). 



32a 9 pip 2 

(A.30) 



A.3 N f = 2 case 



The irregular CFT corresponding to SU(2) gauge theory with two (anti-)fundamental 
matters is constructed from the Gaiotto state | A a , A/2, m) [Bj. In this case by multiplying 
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exp(— A 2 /2eie 2 ) which is called the £7(1) factor by the norm (A , A/2, m 2 | A a , A/2, mi), 
this coincides with the Nekrasov partition function [BJ [75] . 
As same as the previous discussions, the one point block 

a,mi,A) := (A_, A, m 2 |<3>i )2 (p)|A + , A, m x ) (A. 31) 

satisfies the differential equation, 

^|) 2 + 2a6 ^ (A.32) 

where we put ^^(p, a, m«, A) = p A ~~ A+ ~ /ll ' 2 y ( ^ 1 - ) (p, a, m^, A). After introducing the mass 
scale g Sl Ei 1 E2 as before, one obtains a solution F^fjo, a, mj, A) = Y^n=x A™!^^, a, m;): 



oc 



fc=— oo 



, x /I Ai-2,fc-2 + Al-2,fc+2 + 2(m 2 A n _i ) fc_i + mii n _i^ + i) 

— (>0,fc, — J-—. — ; >9l i \ • (A.ddJ 

Si (2ak + Eik 1 + ^n£2) 



The free energy is 



£ tegQw := log ,/? (P, ?r; A> S - < A ' 34 ' 
^ ei ' J (A a , A,m 2 |A a , A, mi) 



'(i) 



where the lower order free energies Q\ (p) which are the momentum shift invariant are 

6 <.» (p) . ologp _ -^! A + '"■- a ^g-"^ A' + 0( n (A,5) 
5<J> (p) = i logp - !!!l±pE! A _ a 2 -2 m .;-2m 1 m^ + ( a '-2miy A2 + ^ _ 

(A.36) 

/i), , mi - m 2 p 2 , 11m? — 4a 2 + (4a 2 — llm 2 ,)?) 4 . 9 

e Sw = -^r^ A+ — — — A2 +°( A '>- < A37 > 

B Functional formula for the Bergman kernel 

The formula (15. 6p of the Bergman kernel for genus one Seiberg-Witten curve as 

4 

yip) = M{p)y^{pj, a(p) = p A - Sip 3 + S 2 p 2 - S 3 p +S 4 = - Qi), (B.l) 

i=l 

depends on the branch points of the spectral curve because of the factor 

G(k) = ~S 2 + l -{qiq 2 + g 3 g 4 ) - ^kfa ~ <&)(«• - ft)- (B.2) 
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In this appendix, by the same discussion to [79| 180] for local toric del Pezzo surfaces, we 
prove that this factor can be written as a branch points independent form. 
At first, we note the formula 

K(k)E(k) = n 2 {^- + uj 2 e 3 ), (B.3) 

2i K(k) 1 f dp 1 , . \ 

Wi := — = — f —/==, e 3 := — (S 2 - 3{ qi q 2 + q 3 q A )) , 

where r is the elliptic modulus of the curve (IB.lj) . and by making use of the prepotential 
J r o°'°' > , this is given as 



da 

where c\ is a constant. By this formula, we can rewrite the factor G(k) as [79J, 

E 2 (r 

At first, let us note that in Seiberg-Witten theory, the period lo\ gives us 



r = c°-Z^, (B.4) 



G(») = (B.5) 



.da .„ „ 

Wl = c 2 A— , (B.6) 
du 

where c 2 is a constant. In general, the second Eisenstein series E 2 (t) is written as [80J, 

^(r) = ^:(l21ogwi + logA), (B.7) 

by the period U\, and the discriminant A = — ^i) 2 = Ylt=i a ' i^i) °^ the curve 
(IB . 1 j) . By ( IB.4j) . the right hand side of (jB.7j) is rewritten as 

1 (S^log^+logA), (B.8) 



c\C uuu K du' du 

9 3jr(0,0) 

where C uuu = g° 3 — is the Yukawa coupling. Therefore from ( jB.5j) and (jB.6j) , we get the 
functional form by the period of the curve (IB.lj) : 

GW = ^( 12l0g( ^ ) + l0EA )- c = fcl4 (R9) 

For the SU (2) theories discussed in section 4, the Yukawa couplings are obtained using 
the discriminants A of the Seiberg-Witten curves (14. 8p . (I4.14[) . and ( I4.19P as 

iV/- = : C MUU = -— = - 1 -r , (B.10) 

4m 2 — 3u _ Am 2 — 3u 

f = : C uuu = AA6 = 4u 2( m 2 _ ~) + 4m ( 8m 2 _ 9n ) A 3 _ 27A6' ( • ^ 



4(4m 2 m 2 , - 3w(m 2 + m 2 ) + 2m 2 + 4mim 2 A 2 - 8A 4 ) 

AA 8 



iV / = 2: Cn= V 1 2 ^ ^_ — (B.12) 
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The constant c in ( IB. 91) can be fixed by estimating the leading behavior of the expansion 
for the dynamical scale parameter A. For all the cases in section 4, this factor behaves as 
G(k) ~ — 1^2 = — qx 3 ', and then the constant is fixed as c = 24. We can directly check 
the agreement between (1B.2I) and the formula (1B.9|) . 



C Computation on the B-model side 

In this appendix, we summarize the B-model computation in section 4 and 5. 
C.l Proof of Wf^\p) = in section 4 

Here, we prove that W^g [p) defined in (14. 6 p vanishes for Nf = 0, 1 and 2 cases. Let us 
consider the Seiberg-Witten curve 

4 . 

y(p) = MfcOv^S), v(p) = 1[(P - *), M{p) = -, (C.l) 

where note that for Nf = 1 and 2 noticed in section 4.2 and 4.3 we should take 

the cycles Ai and A 2 as containing 00 and respectively. For that proof, we use the fact 
[T5] that by the Mobius transformation satisfying g(g(q)) = q such as 

_ . , aq + (3 

q -»■ q = g{q) ■= , 

7g — a 

a := qiq A - q 2 q 3 , ■= (qi + qi)q2q 3 - (?2 + q 3 )qm, 7 := 9i + 94 - 92 - gs, (C.2) 
C reg (g) and C(g) in (12. 9p are related each other as 

C ^Mkc rcg (g) = LC(g) — , f ^^)LC(q) = LC rcg (g) ^— . (C.3) 

V dq J a — 7g V dq J a — 'jq 

By this Mobius transformation, the branch points qi, q 2 , q 3 and g 4 are mapped to g 4 , q 3 , g 2 
and gi respectively, and then the cycle Ai is mapped to the cycle A2, and vice versa. 
Therefore for Nf = 1 and 2 cases, the cycles A\ and A2 also contain —/3/a and a/7 
respectively. Using the Mobius transformation (IC.3p . we see that 

u/(o,i)/ \ Ldj) I ( y'(q) y\q) \ dq 

where we have used C reg (g) — C(q) = i — By 

V°"(<?) 



1 21 1 1 1 

+ 777 r + 7T7 7 + 777 r + 777 r, (C.5) 



V^)M(g) g 2(g- gi ) 2(g - g 2 ) 2(g - g 3 ) 2(g - g 4 ) 

1 = 1 r 2(g 2 + g7) (gi - gaXgi - g 3 ) (q 1 -g 2 )(g2 -~_g0 

yft(q)M(q) iq -aV aq + (3 2{q- qi ) ' 2{q - q 2 ) 

(gl ~ 93X93 - 94) (?2 - g4) (93 ~ g4) " 

2(9-93) 2(g-g 4 ) 

20 



(C.6) 



we see that for Nf = case, the integrand of ( 1C.4I) has the following residues at q = qi = 
a/7 = and g 2 ; 

-§ + ifarflE5), l + ^ior dSD, (C.7) 
and for Nf = 1 and 2 cases, it has the following residues at q = qi, q 2 , 00 and — f3 /a: 



1 



} } , + for (jOll), i + i + 0-2for (0. 
By summing up these residues, we see that W^\p) vanishes. 



(C. 



C.2 Computation of the "refined" topological recursion 



In the two-cut case with two sheet as fIB.ll) . the constituents of the "refined" topological 
recursion (12. 5ft are concretely given by (12. 8ft and (15.61) , and especially we need to estimate 
the complete elliptic integral of the third kind in (12. 8ft . As discussed in [15J, we can 
treat the ^4-period integral in the recursion (12.51) as the small cut expansion by using the 
formula: 



00 

m=0 

OO 



(2m-l)!! y fc2m 
2 m m\ 



1 2 

' m 



ml 



2m (1 - m)j f lv 



(C.9) 



fc 2m , (CIO) 



where = T(x + n)/T(x) is the Pochhammer symbol. From (12. 9p . because 
, (g3 -g2)(g-g4) , (93 -?2)(?-9i) 



(C.11) 



(94 -92) (9 -93)' " "' (93-90(9-92)' 

we see that C reg (q) and C(g) have the branch cut only on C 2 = [93,94] an d C\ = [91,92] 
respectively. Therefore in the recursion ( 12.5ft . when 

^ 1M %,Q,Ph)+£,T, £ ^ |J|+1) (9,^)^' |Hh|J|+1) (9,^v) 

fc=0 n=0 0=JC_ff 

+^W^ +1) (9,Ph) (C.12) 

does not have branch cut for g, the integrand of (12. 5p also does not have branch cut, and 
then the «4-period integral can be rewritten as the summation of the branch points qf. 

4 

VRes, (C.13) 



A 



dq 
2~ni 



i=i 



where in the perturbative computation in section 4, for Nf = 1 and 2 cases, because the 
cycle A contains and 00, we also need to take these residues. We see that this is the 
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case of I = even number. On the other hand, when ( 1C.12I) has the branch cuts on C\ and 
C2 for q, or i is odd number, the integrand of ( I2.5P also has the branch cuts. In these 
cases, using the trick as 

dq 2 n d n r dq 



(C.14) 



A 1 (q - g 2 ) n v / ^) (2« - !) !! d( l2 JUi v^M 

2 n d n f g2 {-2i)dq 



(2n-l)\\dq2 J qi y/iq-qjfa-qjiqa-qjiqt-q) 

we can compute the period. 
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